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O
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P

-S
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S
m
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P

-S
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S
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B
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P
S

plines
in

a
nutshell

S
im

ple
sm

oothing
m

odely
=

µ
(x

)
+

ε
is

fitted
by

replacing

µ
(x

)
=

β
0
+

x
β

x
+

x
2β

x
x

+

k
∑j
=

1

u
j (x

−
τ
j )

2+

=
X

(x
)β

+
B

(x
)u

=
C

(x
)θ

for
knots

τ
1 ,τ

2 ,...
τ
k

w
ith

k
large.T

his
yields

the
estim

ate

µ̂
=

C
(C

T
C

)
−

1C
T
y

↑

(k
+

q)
×

(q
+

k
),w

ith
k

“ large,butnottoo
large”

M
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Truncated
P

olynom
ial
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N
eed

for
P
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P
-S

plines

O
’S

ullivan,1986,E
ilers

&
M

arx,1996,R
uppert,W

and
&

C
arroll2003.

R
ecipe:take

a
rich

dim
ensionalB

asis
B

(x
),thatis

take
k

large.

M
inim

ized
the

P
enalized

leastsquare

(y
−

C
θ
)
T
(y

−
B

θ
)
+

λ
θ

T
D

θ
→

m
in

w
here

D
is

a
penalty

m
atrix

chosen
adequately.

M
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U
npenalized

versus
P

enalized
S

pline
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R
eform

ulation

W
e

can
alw

ays
decom

pose
the

spline
basis

to

y
=

X
β

+
B

u
+

ǫ

•
X

β
unpenalized

param
etric

part,
•

B
u

penalized
part.

P
enalized

leastsquare

(y
−

X
β
−

B
u

)
T
(y

−
X

β
−

B
u

)
+

λ
u

T
D

u
→

m
in

u
,β

M
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P
-S

pline
fitting

and
Linear

M
ixed

M
odels

P
-S

pline
estim

ation
is

equivalent
to

posterior
B

ayes
estim

ation
in

the
follow

ing
Linear

M
ixed

M
odel

Y
|u

∼
N

(X
β

+
B

u
,σ

2ǫ
I
)

and
u
∼

N
(
0
,σ

2u
D

−
1)

T
he

P
osterior

B
ayes

estim
ate

(or
the

B
LU

P
)

is

ǔ
=

(B
T
B

+
λ
D

)
−

1B
T
(y

−
X

β̂
)

β̂
=

(X
T
X

)
−

1X
T
(y

−
B

ǔ
)

w
hich

is
equivalent to

P
-S

pline
sm

oothing,w
here

λ
=

σ
2ǫ /σ

2u .

M
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W
hy

linking
P

-S
plines

w
ith

M
ixed

M
odels

In
the

M
ixed

M
odel

the
sm

oothing
param

eter
λ

plays
the

role
of

the
a

priorivariance
and

hence
allow

s
for

m
axim

um
likelihood

based
esti-

m
ation.

S
om

e
ofthe

available
results

are:

•
C

om
parison

of
M

L
estim

ates
λ̂

=
σ̂

2ǫ /σ̂
2u

w
ith

cross
validation

based
choices

(K
auerm

ann,2005;R
uppertetal,2003).

•
Tests

on
sm

ooth
effects

can
be

linked
to

tests
on

positive
variances

ofrandom
effects

(C
rainiceanu

etal.2005)

•
M

odelselection
based

on
the

M
ixed

M
odel(K

auerm
ann,

O
rm

erod,
W

and,2006)

M
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Term
S

tructure
M

odeling
-

A
n

E
xam

ple
for

B
ivariate

S
m

oothing

D
aily

prices
P

t,m
ofa

zero
coupon

bond
attim

e
t
∈
{07/98

−
07/03}

w
ith

m
aturity

m
∈
{08/03

−
07/33}

(U
S

Treasury
S

T
R

IP
S

)

W
e

have
126251

observations
from

107
bonds.

W
e

m
odel

y
t,m

=
−

log
(P

t,m
)/m

=
µ
(t,m

)
+

ǫ
t,m

N
ote:

O
bservation

have
a

non-standard
correlation

structure
(not

focused
in

this
presentation):

correlation
along

single
bonds

but
no

correlation
along

tim
e

leftto
m

aturity.
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B
ivariate

Term
S
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G
eneralized

S
m

oothing
M

odels

W
e

extend
the

m
odelto

accom
m

odate
non-norm

alresponse.W
e

assu-
m

e

E
(y
|x

)
=

h
{η

(x
)}

w
ith

η
(·)

as
sm

ooth
function ,

h
(·)

as
link

function
and

y
∼

ex
p
{y

ϑ
−

b(ϑ
)}.

T
his

is
fitted

by
linking

P
-S

plines
to

G
eneralized

Linear
M

ixed
M

odels:

E
(y
|x

,u
)

=
h
{
X

β
+

B
u
}

u
∼

N
(
0
,σ

2u
D

−
1).

N
ote:T

he
m

arginallikelihood
∫

f
(y

|u
)φ

(u
)d

u
is

notanalytical

M
ünchen
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C
alculating

the
M

arginalLikelihood

•
Laplace

A
pproxim

ation
orsim

ilarly
P

enalized
Q

uasiLikelihood
(P

Q
L)

(B
reslow

&
C

layton,1993)
⇒

fails
asym

ptotically
in

“classical”
G

LM
M

s.

•
M

onte
C

arlo
E

M
(B

ooth
&

H
obert,1999)

⇒
com

puter
intensive

•
B

ayesian
M

odeling
using

M
C

M
C

⇒
even

m
ore

com
puter

intensive

M
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T
he

G
ood

O
ld

Laplace
A

pproxim
ation

A
s

sim
ple

w
ay

to
approxim

ate
the

m
arginal

likelihood
is

using
a

Laplace
approxim

ation
or

a
P

enalized
Q

uasi
Likelihood

(B
reslow

&
C

layton,1993),thatis
(w

ith
naturallink)

l(β
,σ

2u )
=

−
(k

−
1)

2
log

(σ
−

2
u

)
−

12
log

(|G
|)

+
y

T
(
X

β
+

Z
û

)
−

1
Tn
b(

X
β

+
Z

û
)
−

k2
û

T
û

/σ
2u

w
ith

û
as

m
axim

izer
(penalized

estim
ate)

and
G

=
∂

2l(β
,u

)/∂
u
∂
u

T
.

N
ote:P

enalized
S

pline
estim

ates
are

equivalent to
Laplace

estim
ates

M
ünchen

12.
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T
he

dispute
aboutLaplace

approxim
ation

It
has

been
show

n
in

B
reslow

&
Lin

(1995)
and

S
hun

&
M

cC
ullagh

(1995)
thatthe

Laplace
approxim

ation
fails

in
standard

G
LM

M
s.

A
sym

ptotic
scenarios

•
C

lassicalG
eneralized

Linear
M

ixed
M

odel
N

um
berofindependentindividuals

grow
s,w

hile
num

berofreplicates
per

individualis
lim

ited .
⇒

Laplace
fails

asym
ptotically

•
P

-S
pline

M
odelS

cenario
T

he
num

ber
of(independent)

splines
is

lim
ited ,w

hile
the

supportfor
each

spline
grow

s
⇒

Laplace
is

justified
asym

ptotically
ifthe

num
ber

ofsplines
is

fixed

M
ünchen
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A
D

eeper
A

sym
ptotic

Insight

S
o

far
w

e
assum

ed
that

k,the
num

ber
ofsplines

is
fixed

(and
lim

ited).
⇒

T
his

is
notrealistic.

W
e

assum
e

now
that

k
depends

on
sam

ple
size

n
,thatis

•
n
⇒

∞

•
k
⇒

∞
,

•
|τ

i
−

τ
j |
⇒

0,
|x

i
−

x
j |
⇒

0

M
ünchen
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Laplace
A

pproxim
ation

Q
uestion:

If
w

e
consider

spline
coefficient

u
as

random
,

but
let

its
di-

m
ension

grow
,is

the
Laplace

approxim
ation

stillvalid?

Taking
σ

2u
=

1/λ
=

O
(n

−

1
2
q
+

3)
w

e
can

show
that

l(β
,σ

2u )
=

∫
ex

p
{l(β

,u
,σ

2u )}φ
(u

, σ
2uk
)d

u

=
lL

a
p
la

c
e (β

,σ
2u ){1

+
O

(ε
0 )}

w
here

ε
0

is
the

leading
com

ponentin
the

Laplace
approxim

ation.

M
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R
esults

O
ne

finds

ε
0

=
O

{
n
−

2
q

2
q
+

3 (
1

+
n
−

1
2
q
+

3σ
−

2
u

)
−

3 }
,

W
ith

k
=

O
(n

1
2
q
+

3)
and

σ
2u

=
O

(n
−

1
2
q
+

3)
w

e
get

ε
0

=
O

{
n
−

2
q
+

1
2
q
+

3 }
,

G
ood

N
ew

s:
Laplace

approxim
ation

is
justified

asym
ptotically,

even
for

grow
ing

spline
dim

ension.
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LocalA
daptive

S
m

oothing

Taking
advantage

ofthe
Laplace

approxim
ation

once
m

ore.
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T
he

Idea
ofLocalA

daptive
S

m
oothing

W
e

assum
e

that

y
i
∼

N
(µ

(x
i ),σ

2ǫ ),
i
=

1,...,n
,

w
here

µ
(·)

is
oflocally

varying
com

plexity.

T
his

m
eans

that
fitting

µ
(x

)
w

ith
a

globalsm
oothing

param
eter

is
not

recom
m

endable.

W
e

therefore
allow

λ
to

depend
on

x,thatis
λ
(x

).

In
the

M
ixed

M
odelscenario

this
m

eans,w
e

allow
σ

2u
=

σ
2u (x

).

M
ünchen
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H
ierarchicalM

odeling

W
e

extend
the

M
ixed

M
odelto

Y
|u

∼
N

(X
β

+
B

u
,σ

2ǫ
I
)

and
u
∼

N
(
0
,σ

u ( x
)
2D

−
1)

w
here

σ
2u (x

)
is

a
sm

ooth
function

in
x.

T
he

idea
is

now
to

estim
ate

σ
2u (x

)
by

penalized
splines,thatis

w
e

assu-
m

e

σ
2u (x

)
=

γ
0
+

x
γ

p
+
···+

x
pγ

p
+

k
c

∑j
=

1 (x
−

τ
(c

)
j

)
p+
c
j

w
here

τ
(c

)
j

are
an

additionallayer
ofknots

covering
the

range
of

x.

F
or

estim
ation

w
e

im
pose

a
penalty

ofcoefficients
c
j .

M
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H
ierarchicalM

ixed
M

odel

F
orm

ulating
the

penalty
on

coefficient
c

as
a

priori
norm

ality
leads

to
the

H
ierarchicalM

ixed
M

odel

y
|u

,c
=

X
β

+
Z

u
+

ǫ,
ǫ
∼

N
(0,σ

2ǫ I
n
),

u
|c

∼
N

(0,Σ
u ),

Σ
u

=
diag

[ex
p
(X

c γ
+

Z
c c

)],

c
∼

N
(0,σ

2c I
K

c ).

S
ee

also
C

rainiceanu,R
uppert&

C
arroll(2005)
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M
arginalLikelihood

T
he

m
arginallikelihood

is
notanalytic

and
results

to

L
(β

,γ
,σ

2ǫ ,σ
2c )

=
f
(y

;β
,γ

,σ
2ǫ ,σ

2c )

=
(2π

)
−

(n
+

k
c
)

2
σ
−

n
ǫ

σ
−

k
c

c

∫

R
k
c

ex
p
[−

g
(c

)]d
c
,

w
ith

g
(c

)
=

12
log

|V
ǫ |+

c
T
c

2σ
2c

+
(y

−
X

β
)
T
V

−
1

ǫ
(y

−
X

β
)

2σ
2ǫ

and
V

ǫ
=

I
n

+
Z

Σ
u
Z

T
/σ

2ǫ .
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Laplace
A

pproxim
ation

in
this

S
etting

?

W
hy

should
w

e
apply

Laplace
approxim

ation?

•
M

C
M

C
m

ethods
are

tim
e

consum
ing

•
T

he
hierarchicalstochastic

structure
assum

ed
for

σ
2u (x

)
is

a
w

orking
m

odelonly
anyw

ay.H
ence,w

hy
using

exactsolutions
for

an
approxi-

m
ative

m
odel?

•
W

e
w

illsee
thatLaplace

is
fastand

satisfactory.
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Laplace
A

pproxim
ation

in
this

S
etting

!

T
he

m
arginallikelihood

can
be

approxim
ated

by

−
2l(β

,γ
,σ

2ǫ ,σ
2c )

≈
n

log
σ

2ǫ
+

k
c
log

σ
2c
+

log
|V

ǫ (ĉ
)|+

log
|I

c
c (ĉ

)|

+
ĉ

T
ĉ
/σ

2c
+

(y
−

X
β

)
T
V

−
1

ǫ
(ĉ

)(y
−

X
β

)/σ
2ǫ ,

w
here

ĉ
is

the
solution

to

∂
g
(ĉ

)

∂
c
i

=
12 tr (

V
−

1
ǫ

∂
V

ǫ

∂
c
i )

+
c
i

σ
2c

−
1

2σ
2ǫ

(y
−

X
β

)
T
V

−
1

ǫ

∂
V

ǫ

∂
c
i

V
−

1
ǫ

(y
−

X
β

)
=

0

and

(I
c
c (c))

ij
=

δ
ij

σ
2c

+
12 tr (

V
−

1
ǫ

∂
V

ǫ

∂
c
i

V
−

1
ǫ

∂
V

ǫ

∂
c
j )
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P
racticalim

plem
entation

E
stim

ates
for

u
and

c
are

easily
available

by
using

a
B

ackfitting
strategy.

•
Taking

σ
2u (x

)
as

fix
w

e
get

an
estim

ate
for

u
w

ith
sim

ple
penalized

leastsquares.

•
Taking

û
as

fixed,
w

e
get

an
estim

ate
for

ĉ
by

penalized
w

eighted
leastsquare

•
Taking

û
and

ĉ
as

given
w

e
get

an
update

for
the

rem
aining

(hyper)
param

eters.

•
W

e
iterate

untilconvergence.
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S
im

ulation
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E
xtensions

T
he

idea
can

be
extended

to

•
G

eneralized
R

esponse
M

odels

•
S

patialS
m

oothing

•
or

both
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D
ata

E
xam

ple

A
bsenteeism

ofw
orkers

in
a

G
erm

an
com

pany.W
e

consider
data

of

•
370

em
ployees

•
for

calender
tim

e
c
∈
{1981

−
1998}

•
w

ith
about27.000

absenteeism
spells

W
e

focus
on

the
duration

of
absenteeism

d
(in

days)
using

a
discrete

hazard
m

odel

logit{P
(d

=
t|d

≥
t,c)}

=
µ
(t,c)
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E
xam

ple
(cont)
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A
dapF

it
-

F
itting

in
P

ractice

T
he

R
package

“S
em

iP
ar”

w
ritten

by
M

att
W

and
has

been
extended

to
accom

m
odate

locally
and

spatially
adaptive

sm
oothing.

the
routines

build
the

new
R

package
A

daptF
itavailable

from
the

C
R

A
N

server.

T
he

routines
include

the
calculation

of
confidence

intervals
(not

show
n

in
this

talk).
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D
iscussion

•
P

-spline
sm

oothing
is

a
pow

erfuland
num

erically
handy

sm
oothing

m
ethod.

•
T

he
link

to
G

eneralized
Linear

M
ixed

M
odels

is
w

orthw
hile.

•
Laplace

approxim
ation

is
asym

ptotically
and

practically
justified.

•
Laplace

approxim
ation

w
orks

in
m

ore
com

plex
m

odels
as

w
ell.

P
aperand

P
reprints

available
from

w
w

w
.w

iw
i.uni-bielefeld.de/

∼
statistics
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